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We present a topology grounded, multiscale simulation platform
for morphogenesis and biological active matter. Morphogen-
esis and biological active matter represent keystone problems
in biology with additional, far-reaching implications across the
biomedical sciences. Addressing these problems will require
flexible, cross-scale models of tissue shape, development, and
dysfunction that can be tuned to understand, model, and pre-
dict relevant individual cases. Current approaches to simulat-
ing anatomical or cellular subsystems tend to rely on static, as-
sumed shapes. Meanwhile, the potential for topology to provide
natural dimensionality reduction and organization of shape and
dynamical outcomes is not fully exploited. TopoSPAM combines
ease of use with powerful simulation algorithms and method-
ological advances, including active nematic gels, topological-
defect-driven shape dynamics, and an active 3D vertex model of
tissues. It is capable of determining emergent flows and shapes
across scales.

Computational models of active, biological systems are
rapidly growing in importance and fidelity in fundamental
research but also in translation to the clinic and to in bio-
inspired engineering. Such models can open up a new un-
derstanding of the mechanics and also the mechanistics of
morphogenesis.

Robust approaches to molecular dynamics and Markov chain
or density functional Monte Carlo have long presented re-
searchers with a coherent set of tools for simulation on the
molecular level. In contrast, morphogenesis is an inherently
multiscale problem, spanning the intracellular, cellular, tis-
sue, and organ mesoscales (Fig. 1, top row). Studying biolog-
ical morphogenesis is also a multidisciplinary challenge, re-
quiring combined advances in computer science, mathemat-
ics, physics, and biology (Fig. 1, center row).

Here, we combine expertise from these disciplines for
simulating active biological systems across the differ-
ent mesoscales and introduce TopoSPAM: Topologically
grounded Simulation Platform for morphogenesis and bio-
logical Active Matter (Fig. 1, bottom row) (1). Our approach
is based on the observation that coarse-graining from scale
to scale inevitably gives rise to emergent order parameters
that support topologically non-trivial configurations, such as

topological defects, grain boundaries, or domains. By com-
bining powerful numerical methods and solvers with explicit
consideration of these topological states, we can capture how
they emerge, or use them as initial and boundary condi-
tions to drive the simulations robustly in an effectively lower-
dimensional phase space.

TopoSPAM leverages meshfree particle methods, where par-
ticles do not necessarily represent physical entities, such as
molecules or cells, but rather mathematical collocation points
on which continuous fields are discretized. This simplifies
simulations in complex-shaped and moving or deforming ge-
ometries as are hallmarks of morphogenesis. It also supports
both fixed and co-moving discretizations, allowing the user to
control the trade-off between numerical stability and compu-
tational cost. TopoSPAM combines these continuous models
with a quasi-3D, active, discrete vertex model, together with
spring-lattice methods to capture elastic and visco-elastic
shape programming. In these shape-programming methods,
the simulated meshwork responds to spontaneous strain pat-
terns represented by alterations to the meshwork structure.
These changes are then capable of driving prescribed, non-
trivial shape outcomes.

Results

In TopoSPAM, we provide a unified framework for simula-
tion at different biological scales by focusing on the classes
of emergent order parameters and their attendant topological
degrees of freedom likely to appear at the different scales.
For cytoskeletal, or more general intracellular simulations,
we provide a complete suite of tools for polar fluids, gels,
and nematic liquid crystals — in each case both active and
passive versions. At the tissue scale, TopoSPAM addiitonally
provides both a quasi-3D, active vertex model on curved sur-
faces, and coarse-grained 3D models capable of visco-elastic
spontaneous-strain-driven shape programming simulations of
morphogenesis.

Figure 2A illustrates the TopoSPAM architecture, a compre-
hensive software framework designed for high-performance
computing and interactive visualization in computationally
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Biological Active Matter Across Scales
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Fig. 1. Modeling and simulation of biological active matter across scales. Cytoskeleton (left column): Microtubule mixtures with Kinesin-1 motor proteins exhibiting a bend
instability (top panel) (2). An active polar fluid model (middle) captures the instability in the corresponding TopoSPAM Simulation (bottom panel). Cellular organoids (center
column): Pancreatic organoids exhibiting spontaneous chiral rotations that are modeled with the 3D vertex model (top and middle) (3). The TopoSPAM simulation of the
vertex model predicts the spontaneous chiral flows (bottom). Tissue 3D shape change (right column): Drosophila wing disc development (top, image courtesy: Natalie A.
Dye) modeled via a spring-lattice model (middle). The TopoSPAM simulation of the spring-lattice model predicts the three-dimensional development of the wing disc (bottom).
Notice that the models are not restricted to the scales shown here. In particular, the active polar gel model can also be used across scales.

studying morphogenesis and active matter. At its core, the ar-
chitecture leverages high-performance C++ code through the
OpenFPM library (4) and its custom C++ Template Expres-
sion System (5) for the computationally intensive tasks re-
quired by spatio-temporal solvers in 3D+time. OpenFPM and
its C++ Template Expression System also ensure portability
to different computing hardware as optimized code is auto-
matically generated during compilation from model equa-
tions provided in near-mathematical form. This approach
differs from existing codes, which are often hand-tuned for
a specific model, numerical method, or computer architec-
ture. Rather, the combination of flexibility and performance
is akin to recent developments in Julia (6). The OpenFPM
foundation of TopoSPAM, however, does not require man-
ual code tuning, is free of runtime overhead (7), and extends
to distributed-memory simulations of spatio-temporal models
using automatic domain decomposition (4).

This high-performance C++ core interfaces with IPython
middleware, as provided by Jupyter, which acts as a flexible
and extensible layer for integrating the various components.
The IPython middleware can be readily updated to support

new codes and functionalities in a modular fashion, enhanc-
ing the system’s adaptability as shown by the notebook snip-
pet (see Fig. 2B).

To visualize simulation results, TopoSPAM combines Par-
aView (8) and PyVista (9), coupled with matplotlib (10).
These provide powerful tools for rendering and interactive
visualization of scientific data. TopoSPAM seamlessly inte-
grates visualization of results with defining and running si-
multions under the same IPython interface (see Fig. 2B for
an example).

Thanks to its performance-portable architecture, TopoSPAM
can leverage diverse hardware platforms, from laptops to
high-performance computing clusters. This enables using the
same modeling interface to scale from personal devices to
large-scale institutional systems, depending on problem re-
quirements. It also allows scientists to seamlessly transition
between high-performance simulations and interactive data
exploration, providing a versatile platform for complex sci-
entific workflows in fields like biological physics, requiring
advanced computation and visualization capabilities.
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TopoSPAM - Topological Simulation Platform for Active Matter

TopoSpam is a collection of software suite released under GPL 3.0 License for numerical simulation of active matter. It includes....

In [1]: import TopoSpam

In 2]t smatplotlib inline

Two Dimenstional Active Fluid with Polar Order
We solve the Ericksen-Leslie hydrodynamic model with periodic boundary conditions
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Where pIs polarty vector. The meaning of the physical constants can be found in Iterature :
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‘The main source code with intiial conditions Is located in bin/Active2d.cpp. This file can be modified as per user needs for different

‘conditions. Make sure to complie this code before using the notebook interface

In [4]: #Grid Resolution -- Smaller grid resolution leads to faster simulation

Params.Gd_Sz=21

#splay Constant
Params.Ks=1.0

#Bend Constant

Params.Kb=3.0

#Activity Deua mu

Params .dmu=0

#Flow aligning or tumbling \nu

Params.nu=0.0

#Contractile zeta=-1, Extentsile zeta=l
Params.zeta=1.0

#Lambda as linear Onsagar coefficient for Polarity
Params.lamda=1.0

#Fluid s
Params.eta=1.
#Rotational viscosity of Polarity
Params.gama=1.0

#Final Time

r the adaptive stepper

like to write the solution

#Velocity relative error tolerance (Flow Solver)
Params.Vtol=le-3
#Polarity absolute error tolerance (Time Integrator)
Params.absttol=le-3
#Polarity relative error tolerance (Time Integrator)
Params.relttol=le-3

In (5]: P lation(Params,4)
The simulation took 24.7137(CPU) ====== 26.2806(Wall) Seconds.

Total number of Time steps taken by the adaptive stepper: 424

» Setting Simulation Parameters

Running the Simulation

Fig. 2. Architecture and user interface of the TopoSPAM software suite. (A) The TopoSPAM architecture is centered around the IPython middleware using Jupyter as the user
interface (top). From there, simulations can be set up and run on the scalable OpenFPM high-performance computing platform (left), leveraging its C++ expression system for
targeting different hardware backends from laptops to supercomputers (bottom). Simulation results can directly be visualized from within the same Jupyter interface using the
state-of-the-art visualization tools ParaView, PyVista, and matplotlib (right). Arrows: The IPython middleware generates the C++ code for OpenFPM, which in turn compiles
it to hardware-specific optimized assembly code. Visualization is controlled from the IPython interface, while the data are fetched in the background from the hardware. (B)
The IPython user interface of TopoSPAM. In this example, the user first imports the TopoSPAM model library and then selects the 2D active fluid model class. The model’s
documentation is shown inline. Then, the user sets the simulation parameters and runs the model on the target hardware.

A. Active polar fluids and the cytoskeleton. TopoSPAM
includes a state-of-the-art method to numerically solve 2D
and 3D active polar and nematic hydrodynamic problems
in arbitrary geometries and with arbitrary boundary condi-
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tions (11). The hydrodynamic equations of active fluids
describe the interaction between motile microscopic con-
stituents and their surrounding fluid under energy input.
These equations capture many emergent phenomena in bi-



ology, for example the dynamics of the cytoskeleton and of
active tissue-scale flows (12). A mean-field description of
such an out-of-equilibrium system has been derived from first
principles (conservation laws, symmetries, entropy produc-
tion, and the Onsager reciprocal relations) and recapitulates
the resulting dynamics (13-16). This model includes two
continuous fields: (1) an orientation field to capture the av-
erage orientation of the microscopic constituents (e.g., cy-
toskeletal filaments, motor proteins) at each point in space
and time; and (2) a velocity field of the emerging flows and
deformations (see Methods section for the governing equa-
tions and implementation details).

Solving such models is numerically challenging but with
OpenFPM as its underlying high-performance scientific com-
puting backbone, TopoSPAM streamlines and simplifies this
task, achieving efficient scaling on parallel computers (see
Ref. (11) and the parallel scalability benchmarks therein).
A TopoSPAM active fluids simulation is initialized by solv-
ing for the steady-state velocity using a given initial polar-
ity field. This initial input may itself be derived from a set
of disclination defects in the polarity field. Subsequently,
TopoSPAM evolves the polarity field according to the La-
grangian, co-rotational derivative. This yields the velocity
field at the next time point, and TopoSPAM renders the field
dynamics by iterating over time steps.

We validated TopoSPAM against the 2D benchmark problem
from (17). The results are shown in Fig. 3A. This problem
represents a test case used to confirm the consistency of nu-
merical methods for active and nematic fluids. The model
simulates a thin active polar viscous fluid in a square dish,
mimicking an in vitro actomyosin film, with no-slip velocity
boundary conditions and the filaments anchored at the bound-
aries. The obtained results are in agreement with previous
studies (17).

TopoSPAM’s active polar fluid solver has recently been used
to confirm the analytically predicted 3D spontaneous flow
transition of cytoskeletal suspensions (11, 18) and to reca-
pitulate experimentally observed the out-of-plane wrinkling
behavior (19) in microtubule suspensions (Fig. 3B). Here,
we additionally use it to simulate an active polar fluid con-
fined to a 3D cylindrical domain where it develops a moving
spiral-shaped line defect under rotational flow (Fig. 3C). In
the same geometry, a stable aster line defect induces no flow
(Fig. 3D), highlighting the important role of topology in de-
termining the morphogenetic mode. The last two cases also
demonstrate the ability of TopoSPAM to solve complex ac-
tive fluid problems in non-Cartesian domains.

B. Active vertex models and cells in tissues. Moving
up the scales of biology, TopoSPAM is also capable of cap-
turing discrete cellular behaviors inside an epithelial tissue
via its 3D active vertex model framework. A potential ap-
proach to linking tissue morphogenesis with mechanistic cell
biology involves “decomposing” the tissue deformation into
distinct, independent cell behaviors, essentially forming its
“deformation basis". Often, these cellular behaviors are in-
tricately interconnected and carefully regulated by numerous
mechano-chemical cues to govern the development of tissues

and organs, ultimately shaping them into their final forms.
Some common cell behaviors include individual cell elonga-
tions, T1 rearrangements, cell divisions, apoptosis, cell extru-
sion, and relative apical-basal surface contractions (20, 21).
One of the challenges in comprehending and establishing ac-
curate theories of tissue morphogenesis arises from tissues’
ability to modify their internal topology, such as the neigh-
bor network of the cells. This additional layer of complexity
makes conventional theoretical frameworks, like linear elas-
ticity and stability analysis, less applicable. To overcome
this challenge, a promising approach is to work with mod-
els that effectively exploit the discrete topology of the tissue.
TopoSPAM provides this through a robust implementations
of 3D vertex models and spring-lattice models (22, 23).
Vertex models provide a powerful framework widely used
in tissue mechanics, offering valuable insights into how in-
dividual cells’ collaborative efforts yield complex responses
within a tissue (24, 25). With vertex models, we can under-
stand how cells contribute to shaping the tissue and poten-
tially link deformations to molecular mechanisms.
TopoSPAM also extends this to active vertex models. In con-
trast to many passive vertex models found in the literature
(22, 24) our version also considers the active forces that the
cells exert on their surroundings. In this way, TopoSPAM’s
active vertex model enables us to effectively gauge whether
active cellular forces or passive relaxation into energeti-
cally favorable states drives observed cell and tissue shape
changes.

In particular, TopoSPAM enables taking active forces into
account through their effect on cellular traction. For this,
TopoSPAM offers multiple coupling choices for connecting
traction forces and polarity. In many biologically relevant
cases, however, it is convenient to set each cell’s traction
force to be aligned with the cells’ biochemical polarity. Fur-
ther, traction forces are taken into account by force balance
on each vertex to which the standard vertex model work func-
tion also contributes. Finally, individual cell’s polarity vec-
tors align to each other with a given alignment rate and are
subject to rotational noise.

TopoSPAM’s active vertex model has recently been used to
study experimentally observed cell- and tissue-level behav-
iors in embryonic mouse pancreas-derived epithelial spheres
(3). It had been experimentally observed that such epithe-
lial spheres can perform persistent rotational motion of var-
ious types. This tissue-level behavior can be explained by
an underlying mechanical interaction between the cells mak-
ing up the spheroid and the embedding extracellular ma-
trix. These interactions correspond to the cellular traction
forces of TopoSPAM’s active vertex model. By varying the
strength of the traction forces and the polarity alignment rate,
TopoSPAM was able to recapitulate all of the experimentally
observed modes of tissue movement, including emergent be-
haviors that were not explicitly input into the model (3).

C. Spring lattice models and tissue morphogenesis.
Spring-lattice models take a coarser tissue-level approach
where individual cells are no longer resolved. They focus
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Fig. 3. Active polar fluid solutions in 2D and 3D. (A) Two-dimensional active polar fluid with oscillatory polarity field as shown by the polarity streamlines and Frank free
energy as color on the left, with resulting flow streamlines and magnitude of the flow velocity as color on the right. (B) Three-dimensional extensile active fluid undergoing an
out-of-plane bend instability under confinement as shown by the polarity streamlines and Frank free energy as color (left) with flow streamlines and velocity as color (in- and
out-of place flow directions indicated by the blue arrows) on the right. (C) Simulation of a rotating spiral defect in an active fluid confined to a 3D cylinder. (D) Simulation of a

stable aster defect with no flow in an active fluid confined to a 3D cylinder.

on mean or collective, instead of individual, cellular behav-
ior. The versatility of spring lattice models allows them to
capture various morphogenetic events, such as tissue folding
or invaginations (26). In addition, TopoSPAM’s spring lat-
tice model can effectively capture convergent-extension de-
formations (compare (27)) and metric shape programming by
coarse-graining over patterned T1 events (28).

To effectively use the spring lattice model in TopoSPAM,
a sensible mapping between the average cell behavior and
the spontaneous strains in the tissue must be specified. This
can be achieved through phenomenological models describ-
ing the process of interest or by solving the required shape
inverse problem while considering biological constraints.

In Fig. 4A, we illustrate some shape-encoding building
blocks that can be used within the TopoSPAM spring lat-
tice model. For example, multiple T1 rearrangements along
a preferred axis, together with the assumption that the tis-
sue remains confluent, lead to tissue patches of anisotropic,
elongated shape. Patterns of such elongations can create ge-
ometric incompatibility in the plane of the tissue, which in
turn leads to out-of-plane deformation and the establishment
of new 3D “ground state" shapes. The details of the deforma-
tions along the principal directions of the tissue patch gener-
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ally depend on the specific cellular processes considered.

A spring lattice model does not consider how the internal
cell-neighborhood topology of the patch is reorganized, but
it instead focuses on the overall behavior of the patch as a
whole. An equivalent mean response can, for example, be
achieved through cell divisions by specifying a nearly-fixed
division axis, or by keeping the patch network fixed and elas-
tically deforming each cell in the patch. The collective effect
in both cases is the same.

Thanks to their simplicity, spring lattice models can be ex-
tended to situations where the apical and basal surfaces of the
tissue differ or have distinct preferred elongation axes. An
example of this strategy’s success is the encoding of a pre-
ferred tissue curvature. The center column of Fig. 4A shows
different deformation modes projected onto the spring rest
lengths of the model. Although circular tissue geometries are
shown for illustration purposes, TopoSPAM allows these to
be modified to more general cases. In the top row of Fig. 4A,
for example, a radial elongation pattern results in the forma-
tion of a conic surface (29). In the middle row, area ratio and
preferred elongation are independently imposed on subsets
of cells, leading to a corrugated surface (30). Finally, in the
bottom row, a radial swelling gradient creates the complex
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Fig. 4. (A) Overview of the spring-lattice models for morphogenesis: Left column: Shape response of a group of cells to a specific collective cellular behavior. Middle column:
coarse-grained shape patterns using the shape mechanisms of the left as building blocks. Right column: 3D shape obtained after letting the spring-lattice system relax to
a geometrical configuration that satisfies force balance for the rest lengths imposed by their corresponding planar deformation pattern. From top to bottom: uniform radial
elongations yield conical surfaces. Ratios of apical and basal areas manipulated to program a corrugated surface. Axisymmetric gradients of cell expansion decreasing along
the radial direction yield a hyperbolic surface. (B) The shape development of the Drosophila imaginal leg disc elongation is an example of developmental morphogenesis
(left) that could be captured by a spontaneous-strain deformation tensor that combines different “deformation modes” (middle). Radial elongation gradients transform a flat
disk into an elongated dome. Each of the shown 3D surfaces is colored with respect to their Gaussian curvature (color bar).

hyperbolic surface on the right (31). Even though in a living
tissue, the source of deformation is not usually described as
“programmed”, it can still be interpreted as such.

TopoSPAM’s spring lattice model has recently been used
to understand the complex shaping of the Drosophila fly
wing during the morphogenetic process of eversion (28),
and in Fig. 4B we provide a similar example of how the
TopoSPAM model could capture the shape development of
Drosophila imaginal leg disc. In this precursor tissue of legs
in Drosophila, it has been observed that cells are elongated
along azimuthal directions (32). It has been proposed that
upon a hormonal cue, these cells take up isotropic shapes,

which would lead to radial elongation and azimuthal con-
traction, allowing a flat tissue to evaginate into a cone or
tube-like structure. Thus, the cellular packing in this tissue
has programmed a specific deformation pattern that can be
switched on at the correct developmental time. Similarly, it
has been shown that there is a spatial pattern of apical cell
behaviors in the wing precursors (wing imaginal discs) of
Drosophila (33).

Ultimately, the versatility of the spring lattice model allows
one to specify any spontaneous deformation gradient tensor
that is a combination of modes of the deformation basis of
morphogenesis.
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Discussion

We presented an integrated, topology grounded simulation
platform for morphogenesis and biological active matter,
named TopoSPAM (1). The presented software platform
combines high-performance meshfree particle methods for
2D and 3D continuum models, with a quasi-3D active vertex
model and spring lattice models for coarse-grained dynam-
ics into a coherent multiscale simulation framework under a
common Python user interface. This enables multiscale sim-
ulations and modeling of morphogenetic processes and active
biology from molecules to cells to tissues with integrated re-
sults visualization.

We have shown how TopoSPAM can be used to numerically
solve a range of problems ranging from cytoskeletal hydro-
dynamics to active tissue mechanics. For active hydrody-
namics, this specifically included 2D and 3D cytoskeletal-
cortex like channel flows, where we have simulated the spon-
taneous onset of flows above a certain chemical activity and
an out-of-plane wrinkling instability. For tissue mechan-
ics, this included complex couplings between active cellu-
lar traction forces and emergent tissue behaviors, as well
as coarse-grained acquisition of complex 3D shapes during
strain-mediated tissue morphogenesis. All of these examples
have been experimentally observed in the literature and theo-
retically validated.

With its combined capabilities, TopoSPAM represents a pow-
erful methodological advance. But it is not without its lim-
itations. First, understanding morphogenesis and biolog-
ical active matter is a fundamentally multiscale problem.
While TopoSPAM includes methods and models at various
mesoscales, it is not yet capable of performing fully cou-
pled multiscale modeling in the sense that simulations per-
formed at these different scales and with the different mod-
els cannot be nested. Future work could implement time-
splitting techniques (34) or computational coarse-graining
(35) to couple dynamics across scales. Second, the under-
lying physics and biology are still partly unknown for many
morphogenetic processes. Out of the box, TopoSPAM pro-
vides solvers for the known governing equations. As our
understanding of morphogenesis grows, one may need to
change these equations or otherwise supplement the simu-
lated physics, which requires editing and recompiling the
source code. Third, many biological processes are inher-
ently stochastic, causing phenotypic variability during mor-
phogenesis. While the models in TopoSPAM can account for
extrinsic, imposed noise, they cannot, however, represent in-
trinsic, coupled noise (as in stochastic differential equations).
Future work could allow for stochasticity within each of the
core TopoSPAM models, further expanding its capabilities
and applicability.

Despite these potential future developments, TopoSPAM al-
ready is a powerful and useful tool with significant potential
to aid our understanding of mesoscale biological physics. On
top of its many features, TopoSPAM has the added advantage
that it is an integrated platform with a single, coherent user
interface, improving ease of use and accessibility for diffi-
cult multi-context problems. By folding topological consid-
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A Polar Active Hydrodynamics

erations into many of the current cutting-edge computational
models and packaging them together, TopoSPAM is poised to
be an invaluable asset across biological physics and biology
as a whole.

Methods

TopoSPAM is a suite of custom software on the basis of
the high-performance scalable scientific computing library
OpenFPM (4). The structure of TopoSPAM is visualized in
Fig. 2A. We use the Jupyter Ipython environment as a mid-
dleware to run the C++ high-performace computer codes on
parallel and distributed computers. The simulations are visu-
alized on the same computers using the TopoSPAM Python
interface for ParaView and PyVista. In Fig. 2B, we show an
example of the user interface. In this example, the user im-
ports the TopoSPAM model library and then selects one of the
available 2D active fluid models. TopoSPAM provides inline
documentation and explanation of the selected model class.
The user then sets the model parameters and runs and visual-
izes the simulation with a single function call. This function
call internally launches the C++ code of a high-performance
simulation without Python being a bottleneck for intensive
numerical computations. Given the open-source nature and
underlying C++ expression system (5), it is straightforward to
modify the model library for custom needs and new emerging
models. TopoSPAM’s modular, polylithic architecture allows
users to write custom models and seamlessly add them, and
their documentation, to the TopoSPAM IPython interface.

Currently, TopoSPAM ships with the built-in models de-
scribed below. All models are available in 2D and 3D, and
many of them as both passive or active variants.

A. Polar Active Hydrodynamics. TopoSPAM includes the
2D and 3D active and passive Ericksen-Leslie equations
modeling an incompressible polar fluid in the hydrodynamic
limit (12, 16). This model describes the behavior of viscous
active polar fluids under non-equilibrium, nonlinear hydro-
dynamic conditions. It relates the dynamics of two fields:
(1) the macroscopic orientation field p with components p,,
defined by the average orientation of the microscopic con-
stituents in an infinitesimal volume; (2) the velocity field v
with components v, of the emerging flows and deformations.
The governing Stokes equation for the force balance is

9p0 8y —0a11=0, &)

with o, 8,7 € {z,y, 2} the spatial vector components, agg)

the total deviatoric stress tensor and 11 the pressure. Repeated
indices imply summation (Einstein summation notation). In-
compressibility of the solvent is imposed by 0,v, = 0. We
decompose the total deviatoric stress tensor into its symmet-
ric part a((fg, its antisymmetric part a((fﬁ), and the Ericksen

stress tensor O'SB). The symmetric stresses JSB) are defined



by the constitutive relation
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Equation 2 relates the strain-rate tensor wung =
%(aavg —|—8gva) to the symmetric, the active, and the
passive stresses. The material parameter 7 is the fluid
viscosity, ¢ is the coupling coefficient linking the material
stress to the chemical potential difference Ap (( < 0
contractile stress, ¢ > 0 extensile stress), v is a coupling
coefficient linking the mechanical stress to the orientation
field (Jv| > 1 flow-aligning, |v| < 1 flow-tumbling), and
h is the so-called molecular field which is the conjugate
force to the orientation field p and defined as the functional
derivative ho = —0F/0po = —0f /Opa + 03(0f/0(0ppa))
of the Frank free energy F', which in 3D is:

K K,
Fap = [ [ 52 0upa)® + 5t (paza 0am:)*+

Ky 1
7(56501105 (5a,6'ya,8p'y))2 - §hﬁpapa dv,

2
“@

where K, K¢, and K denote the splay, twist, and bend elas-
ticity constants of the material, respectively, and €.~ is the
Levi-Civita symbol. The whole integrand is referred to as the
Frank free-energy density f. The term hﬁ serves as Lagrange
multiplier to constrain the orientation field to unit magnitude
|lp|| = 1, which allows for the presence and emergence of
topological defects. It is derived from the co-rotational La-
grangian derivative
% = ag% +U'ya'ypa +wapps = h7a —Vuagps+ AAppq
%)
by enforcing p, Dgg = 0. The parameter 7y denotes
the rotational viscosity of the polarity field and w.g =
% (ﬁavg — 8gvu) is the vorticity tensor. Taking the diver-

gence of o((xtg) leads to the final nonlinear Stokes equation.

TopoSPAM numerically solves these nonlinear equations us-
ing a fully verified and convergence-validated numerical
method (11). The solver handles both 2D and 3D simula-
tion domains of arbitrary shape and with arbitrary (Neumann,
Dirichlet, Robin) boundary conditions for the polarity and ve-
locity fields. For the numerical solution, the continuous fields
are discretized on computational particles. This avoids hav-
ing to generate a grid or mesh and better extends to complex
and moving geometries, as prevalent in morphogenesis. Dif-
ferential operators are consistently approximated over the re-
sulting (dynamic) collocation points using the meshless DC-
PSE method (36). The implicit equation for the velocity is

directly solved on the irregularly distributed particles using
the KSPGMRES linear system solver from PETSc (37).

The time dynamics of the fields is resolved using the adaptive
Adams-Bashforth—-Moulten predictor-corrector time step-
ping method of convergence order two. The entire active fluid
simulation code is written in the OpenFPM C++ expression
system (5) in only 423 lines of C++ source code that trans-
parently parallelizes to shared- and distributed-memory com-
puters and to Graphics Processing Units (GPUs) (7, 11).

B. Active Vertex Models. As described in more detail
elsewhere (3), the quasi-3D vertex model included in the
TopoSPAM package is an active vertex model on a spherical
surface. As such, it represents individual cells as polygons
and makes use of the standard vertex model work function

1 « « « ]' aro
W= 3 KO (A= A3)°+ Y SACLY, (6)

a€Ecells aéEcells

where K is the area stiffness, A§ the preferred cell area,
A® the perimeter tension magnitude, and L® the perimeter
of cell a.

In addition, cells in our vertex model are equipped with a
polarity vector p,, for each cell . The dynamics of p, is
given by its co-rotational time derivative D /Dt as

Dp.
Dt

Here, ~ is the alignment rate of the polarity of cell a with the
average polarity of its nearest neighbors

1
(P)o = A Po/> ®)

(a']a)

=7(P)o + V2D:n(t) + p(t)Pa +Pphe.  (7)

with M, being the number of vertices of cell . Further,
in Eq. 7, D, is a rotational diffusion constant and n(¢t) a
white noise oriented perpendicular to the current cell polarity
in the tangent plane of the sphere, i.e. n(t) =& n(t) with
§] =N, X Ppa/|Ng X Pa| and A, being the outward normal.
Finally, Eq. 7 also contains terms to impose |p,| = 1, as in
the continuum active hydrodynamics model, through the La-
grange multiplier (t) = —ypa - (P),, and to keep p,, in the
tangent plane of the sphere by means of adding the normal
Pafq with pf, = —v <p>a ‘Ng.
The thus defined polarity field p underlies the active cellu-
lar forces that distinguish the TopoSPAM vertex model from
many other vertex models. We propose that any cellular trac-
tion force f2<1'® acting on a vertex m in the model acts in a
direction determined by the polarities of the cells abutting in
vertex m as

f;arcitive —F

(alm)

)

Pa
' )

with traction force magnitude F' and normal component

oW e
fﬁ*(ax fzi“ve)‘ﬁm. (10)

Here, X,,, is the position of vertex m and n,, the outward
normal.
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Combining this with the standard vertex model work func-
tion, the active cellular forces and the friction given by the
velocity of vertex m, v,,, and a friction coefficient £ with
the surrounding material yields the force balance equation of
TopoSPAM’s active vertex model

. ow
EVim :fggtwe_aT“"fmﬁmv (11
m

according to which the system evolves in time.

C. Spring Lattice Models. This class of TopoSPAM mod-
els describes elastic thin (2D) or thick (3D) tissues. The sim-
ulation lattice consists of vertices on the top and bottom sur-
faces of these. Vertices can be spatially distributed in the
two surfaces either as a regular lattice or randomly using al-
gorithms like Poisson disk sampling (38). Vertices are con-
nected to nearby vertices using different algorithms like De-
launey triangulation. In a 3D model, vertices are connected
within the plane as well as through the thickness of the sheet.
In a 2D model, the elastic sheet can be either a plane or a
curved manifold.

The edges connecting neighboring vertices act as elastic
springs with either extrinsic or intrinsic viscosity. When a
lattice is initialized in this way, each spring is assigned to be
stress-free: the initial rest length of each spring at time ¢t = 0,
5;’, is the distance between the two vertices that it connects,

67 = |AX], (12)

where AX is the difference between the position vectors of
the two endpoints.

To implement shape change, we use a spontaneous deforma-
tion tensor A, which acts on the springs to compute the new
rest length of each spring, ?, as

5% = |A-AX]. 13)

Assigning the new rest lengths to the springs in the lattice
leads to stresses, which relax by displacing the vertices until
force balance is achieved. This is computed using the classic
gradient descent algorithm.

This model allows for a continuous field of deformation ten-
sors, A(x), which is evaluated at the two endpoints of each
spring. The deformation field, A(x), is a 3 x 3 tensor in which
each component is the multiplicative factor by which the rest
length is changed in that direction.

Such deformation tensor fields are used extensively in the lit-
erature of shape programmable materials (39, 40). Sheets
of exotic materials, like liquid crystal elastomers, can be de-
signed such that, upon being exposed to a cue, they deform
in different directions by different amounts (41). This pattern
of programmed deformation is captured by a spontaneous de-
formation field. Such a tensor has also been used previously
to describe growth patterns in living tissues (42).

In TopoSPAM, the user specifies the deformation field A(x)
component wise. The model denotes the direction perpen-
dicular to the nematic director p and tangent to the surface
by n* and the direction along the height/thickness by t. All
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vectors p,n*, and t are unit vectors. To deform the surface
along these directions by multiplicative factors of Ap, Ap+,
and A, respectively (which can all be functions of space),
the deformation field A(x) is given by

AX) =2p(POP) + A" @n") + A (t@t). (14)
Applying user specified p, Ap, Anp+, and A; as function of
space (with p tangent to the surface of the lattice), the code
automatically computes the spontaneous deformation field
using equation 14.
As an example, isotropic swelling in the surface by a factor
of X and an anisotropic deformation along p by a factor of
with a spontaneous Poisson factor of v would be specified as:

Ap = AN,
A = AN, 15)
A =1.
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